SOLUTIONS TO SELECTED QUESTIONS IN HOMEWORK 10

MATH 241
19.54
Proof. f(2) = (z+3) sz+—3 = (z+3)2(Z+3 55+ ) =2 +3) - 25 + -+, so the coefficient of
the degree —1 term is —¢ - 8 = —3 = Res(f(2), -3). O
19.5.15
Proof. secz = Colg ,sothe poles are z = 7 +nr.  lim (z— (5 +nm))secz = lim = (Cf):;m) by L’hospital
z—>2+nﬂ' z—>2+
rule this limit is equal to  lim _glinz = +1 depending on n odd or even. So the poles 7 + nr are all simple
g=F+nm
poles, the residue is 1 if n is odd, —1 if n is even. O

19.5.22

Proof. 1 is the only pole inside the contour, so §C Wd = 2miRes(f(z), 1). Since 1 is a pole of order 4,
let g(z) := (- 1)*f(2) = 2—3, g¥(@) = (=3)(=4)(=5)z7% = —60z7°, so g@(1) = —60. Therefore Res(f(z), 1) =

3:8¥(1) = -10. So ¢, mdz = 2miRes(f(z), 1) = —20ri. O
19.6.9

) 1 )
Proof. Let z = €, s0 df = @ cosf = Z+—Z What about cos 26? Since z> = €?? = cos(26) + i sin(26), so

cos(20) = 22 “ . Therefore the integral becomes

95 i 1 dal
Cs5_4. z+l iz | Jo 22272 -5z +2)

Where C is the unit circle oriented counterclockwisely. Let f(z) := The poles are 0, 2 . 0and

m
% are inside the contour. So the answer is equal to —%271’1' -(Res(f(2),0) + Res(f(2), 7)) = —m(Res( f (2),0) +
Res(f(2), %)).

0 is a pole of order 2, so let g(z) = 2°f(z) =

you will get 2 = Res(f(2),0).

1
2

473222 -57+2)— (2 +1)(4z-5)
(272-5z+2)?

faa!
272-57+2°

and g'(z) = ,pluginz =0

is a simple pole, so if we let A(z) := z>(2z> — 5z + 2) to be the denominator, /’(z) = 2z(2z> — 57 + 2) +

224z - 5), plugin z = 2 one get—— So Res(f(2), 2) = S 2 +1 = —{—7.
4

Therefore the answer is —n(Res(f(z), 0) + Res(f(z), 2)) = —77(45—t - —;) =% O
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Proof. I = I, by Cauchy-Goursat Theorem since O is the only singularity of the integrand, and the defor-
1
mation from y; to ¥, does not pass 0. Their value is equal to 27iRes(z3¢ 2 ,0). The Laurent expansion at a
4
punctured disk around O is 21 - le + %(2%)2 - )= —z+ 57 =780 Res(zPe 2,0) = % Therefore

Iy = I = mi. Iz = 0 because the integrand is analytic inside y3. Therefore I| = I # I. O



